The existence and uniqueness of positive solutions are obtained for singular fourth-order four-point boundary value problem with p-Laplace operator
Introduction
In this paper, we investigate the existence and uniqueness of positive solutions for the singular fourth-order differential equation involving the p-Laplace operator It is well known that the bending of elastic beam can be described by some fourth-order boundary value problems. There are extensive studies on fourth-order boundary value problems with diverse boundary conditions by using different methods, for instance, [-] and the references therein.
Recently, in the case  ≤ a < ,  ≤ b < , using the lower and upper solution method and the Schauder fixed-point theorem, Zhang and Liu [] proved that the SBVP (.)-(.) has at least one positive solution under the following assumptions:
where G(t, s), H(t, s) will be given in Section .
The purpose of this paper is to improve the existence results of [] . Using a fixed point theorem for mappings that are decreasing with respect to a cone in a Banach space, we obtain the existence and uniqueness of positive solutions of SBVP (.)-(.). We note that, in our proofs, we just assume that (H  ) and (H  ) of [] with (H  ) of [] removed. Our study is motivated by the papers [, ].
In addition, we note that we also obtained the uniqueness of a positive solution for SBVP
The rest of the paper is organized as follows. The fixed point theorem of Gatica et al.
[] and some definitions and lemmas are given in Section . The main results on the existence of positive solutions for SBVP (.)-(.) are presented in Section .
Preliminary
Let B be a Banach space. A nonempty closed set K ⊂ B is called a cone if the following conditions are satisfied: 
Let G(t, s) denote the Green function for
Then by [] the Green function G(t, s) can be expressed as follows:
G(t, s) = ⎧ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎩ s ∈ [, ξ ] : t -aξ [( -s) -a(ξ -s)], t ≤ s, s -aξ [( -t) -a(ξ -t)], s ≤ t, s ∈ [ξ , ] : t -aξ ( -s), t ≤ s,  -aξ [s( -t) + aξ (t -s)], s ≤ t.
Lemma . ([]) The Green function G(t, s) has the following properties:
Let B = C[, ] denote the Banach space of continuous functions with norm
and let K = {u ∈ B : u(t) ≥  on [, ]} be the cone of nonnegative functions in B. It is easy to see that K is a normal cone in B. Now we define the subset D ⊂ K as
Then T is well defined. In fact, from Lemma . we have
It can be easily verified that
It follows from conditions (H  ) and (H
 ) that, for each u ∈ K ,   H τ (τ , s)f s, u(s) ds ≤   H τ (τ , s) f s, λs( -s) ds ≤  + b  -b p- η τ  sf s, λs( -s) ds +  τ ( -s)f s, λs( -s) ds := v(τ ).
By the Fubini theorem and (H  ) it is easy to show that
. Thus, T is well defined, and also from Lemma . we have that, for all u ∈ D and t ∈ [, ],
On the other hand, by Lemma ., for all u ∈ D and t ∈ [, ], we have 
Main results
In this section, we first establish an existence theorem of positive solutions for SBVP (.)-(.) by applying Lemma .. Before proceeding with our existence result for SBVP (.)-(.), we will define a sequence of functions that are modifications of f and have none of the singularities of f at u = . To this end, we define a sequence of functions f n :
Note that, for n = , , . . . , f n satisfies (H  ). Also, for n = , , . . . ,
We now state and prove our existence result for SBVP (.)-(.).
Theorem . Assume that conditions (H  ) and (H  ) are satisfied. Then SBVP (.)-(.) has at least one positive solution u
Proof We define the sequence of mappings
Then by (.) and condition (H  ), T n is well defined and bounded. We note that T n is a continuous mapping by Lebesgue's dominated convergence theorem. Also, it is easy to show by (H  ) and the continuity of G(t, s) that {(T n u)(t) : u ∈ K} is equicontinuous, and hence T n is a compact mapping by the Arzelà-Ascoli theorem. In addition, observe that for all n and u ∈ K , T n u satisfies the boundary conditions (.). Furthermore, for each n, since T n satisfies (H  ), it follows that T n is nonincreasing relative to the cone K . Also, it is clear that  T n () and  T  n () for each n. Thus, by Lemma ., for each n, there exists u n ∈ K such that T n u n = u n . Hence, for each n, u n (t) satisfies the boundary conditions (.). Now we claim that there exist R > r >  such that
Firstly, we shall prove the right-hand side inequality. Assume to the contrary that the inequality is false. Then by passing to a subsequence and relabeling, without loss of generality, we may assume that lim n→∞ u n = ∞ and u n ≤ u n+ for all n.
Similarly to the proof of (.), we can easily show that, for any u ∈ K ,
Since T n u n = u n for each n, it follows that
Then assumptions (H  ) and (H  ) and inequality (.) yield that, for any  ≤ t ≤  and n,
Thus, u n ≤ M for all n. This is a contradiction to lim n→∞ u n = ∞. Next, we prove the left-hand side inequality. Assume to the contrary that the inequality is false. By passing to a subsequence and relabeling we may assume without loss of generality that lim n→∞ u n = . Then we have Since f (t, u) is singular at u = , by the finite covering theorem there exists δ >  such that, for t ∈ [ξ /, ξ ] and  < x < δ, we have
By (.) there exists n  ≥  such that, for any n ≥ n  ,
Hence, for any n ≥ n  , we have
. This is a contradiction to lim n→∞ u n = . In summary, we conclude our claim. Furthermore, from (.) we have
This implies that the sequence {u n } belongs to the closed order interval rt(
It is easy to see that the restriction of T to rt( -t), R is a compact mapping. Hence, there exists a subsequence of {Tu n } that converges to some u * ∈ K . Relabel the subsequence as the original sequence so that lim n→∞ Tu n -u * = .
Also, by (.) there exists n  such that, for all n ≥ n  ,
For all n ≥ n  and t ∈ [, ], we have Proof The existence of positive solution to SBVP (.)-(.) immediately follows from Theorem .. Thus, we only need to show the uniqueness. Suppose that u  (t) and u  (t) are two positive solutions of SBVP (.)-(.). Then, by (H  ) and (H  ), u  (t) and u  (t) are both the solutions of the following boundary value problem: 
